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Introduction 

Let X n be a complex projective n-dimensional manifold and X its universal cover. 
The Shafarevich conjecture asserts that X is holomorphically convex, i.e. admits a 
proper holomorphic map onto a Stein space. There are two extremal cases, namely 
that this map is constant, i.e. X is compact. This means that 7Ti(X) is finite and 
not much can be said further. Or the map is a modification, i.e through the general 
point of X there is no positive-dimensional compact subvariety, e.g. X is Stein. This 
happens in particular for X an Abelian variety or a quotient of a bounded domain. It 
is conjectured (see [Ko93] , and [CZ04] for the Kahler case) that X should then have 
a holomorphic submersion onto a variety of general type with Abelian varieties as 
fibres, after a suitable finite etale cover and birational modification. This follows up 
to dimension 3 from the solutions of the conjectures of the Minimal Model Program. 
We prove here a weaker statement in every dimension: 

Theorem 0.1 Let X be a normal projective variety with at most rational singular- 
ities. 

(1) Suppose that the universal cover of X is not covered by its positive-dimensional 
compact subvarieties. Then X is of general type if x{@x) 7^ 0. 

(2) In particular, if X hat at most terminal singularities and X is Stein (or does 
not contain a compact subvariety of positive dimension), then either Kx is ample, 
or we are in the following situation: Kx is nef, K x = 0, and x{Ox) = 0, with 
n = dimX. 

This theorem is deduced (via the comparison theorem [Ca95], which relates the 
geometric positivity of subsheaves in the cotangent bundle to the geometry of X) 
from the following more general: 

Theorem 0.2 Let X be a projective manifold. Suppose that Q p x contains for some 
p a subsheaf whose determinant is big, i.e. has maximal Kodaira dimension n = 
dim(X). Then Kx is big, i.e. k(X) = n. 
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This in turn follows from a slight generalization of Miyaoka's theorem that the 
cotangent bundle of a projective manifold is "generically nef" unless the manifold 
is uniruled, and from a characterization of pseudo-effective line bundles by moving 
curves [BDPP04]. We show indeed that quotients of Vt p x have a pseudo-effective 
determinant if X is not uniruled and even more generally 

Theorem 0.3 Let X be a projective manifold, (Q x )® m -*5a torsion free quotient. 
Then detS is pseudo-effective unless X is uniruled. 

This uniruledness criterion has also other applications, e.g. one can prove that 
a variety admitting a section in a tensor power of the tangent bundle with a zero, 
must be uniruled. 

Theorem 0.2 is actually a piece in a larger framework. To explain this, we consider 
subsheaves T C VL P X for some p > 0. Then one can form ^(det^ 7 ) and take the 
supremum over all T . This gives a refined Kodaira dimension k + (X), introduced in 
[Ca95]. Conjecturally 

K +(X) = k(X) (*) 

unless X is uniruled. Theorem 0.2 is nothing but this conjecture in case k + (X) = 
dimX. 

We shall prove the conjecture (*) in several other cases. It is actually a consequence 
of the following more general: 

Conjecture: Suppose X is a projective manifold, and suppose a decomposition 

NK X = A + B 

with some positive integer N, an effective divisor A (one may assume A spanned) 
and a pseudo-effective line bundle B. Then 

k{X) > k{A). 



The special case A = Ox implies that k(X) > if X is not uniruled, using 
the preceding result, and the pseudo-effectiveness of Kx when X is not uniruled 
([BDPP04]). 

In another direction we obtain the special case in which B is numerically trivial: 

Theorem 0.4 Let X be a projective complex manifold, and L G Pic(X) be numer- 
ically trivial. Then: 

1. k(X,K x + L) < k{X). 

2. If k(X) = 0, and if k(X, Kx + L) = k(X), then L is a torsion element in the 
group Pic (X). 
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In particular, if mKx is numerically equivalent to an effective divisor, then k(X) > 
0. 
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1 Uniruledness Criteria 

Our main tool, of independent interest, is the generalisation 11.41 below of 
Miyaoka's uniruledness criterion ll.2[ which we first recall. 



Definition 1.1 Let X be a complex projective n- dimensional manifold. A vector 
bundle E over X is generically nef, if for all ample line bundles Hi, . . . , if n _i, for 
all rrii sufficiently large and for general curves C cut out by m\Hi, . . . , m n _i-ff n _i, 
the bundle E\C is nef. 

Miyaoka's criterion [Mi87], with a short proof in [SB92], is the following. 

Theorem 1.2 The cotangent bundle of a projective manifold is generically nef if X 
is not uniruled. 



Before staing the first generalisation in ll.4l below. we need to introduce the notion 
of movable class of curves, generalising complete intersections curves. 

We will denote by ME(X) the closed cone of (classes of) movable curves, as 
defined in [BDPP04]. This is the smallest closed cone containing all the classes 
of movable curves: a curve C is movable if it belongs to a covering family {Ct)teT 
of curves which is to say that T is irreducible and projective, the general C t is 
irreducible and the C t covers X. 



One of the main results of [BDPP04] is that ME(X) is the closed convex cone 
generated by classes a of the form cm*(Hi Pi ... Pi H n ^i), with n : X' — > X a 
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modification and Hj very ample on X', see (1.8) below. 



Let a G ME(X). The slope of a torsion free sheaf £ of rank r with respect to a 
is defined by 

„„(£) = £fe 

r 

A torsion free sheaf is a— semi-stable, if for all proper non-zero coherent subsheaves 
T d £ : 

/M-7 7 ) < A*a(£)- 

The general properties of a-slopes are very much parallel to the classical polarized 
case a = Hi ■ . . . ■ H n -\ with ample line bundles Hi. 



Proposition 1.3 Let X be a projective manifold and a G ME(X). Let E be a 
non-zero coherent torsion free sheaf on X . Then: 

1. When T ranges over all nonzero proper coherent subsheaves of £, the slope 
fiaiJ 7 ) is bounded from above. Let n™ ax (£) be the maximum value. 

2. There exists a unique largest sub sheaf £ max c £ such that 

» a (£ max )=/cm 

The quotient £/ £ max is torsion free. 

3. Define inductively 

£ = {0} c £ 1 = £ max C...C £ s+1 = £ 

such that (£j + i/£j) = (£/£j) max , for j = 0, . . . , s. This sequence is called the 
Harder- Narasimhan filtration of £ relative to a. We write 

lC n {£) :=^£/£ s ). 

The quotients £/£j are the a-semistable pieces of the HN-filtration of£ relative 
to a. 

4. ^a(£ 3+ i/£j) = tC" > t*a(£/£ j+ i), for 3 > 0. 

5. Hom{£^£l£ 3 ) = for all j > 0. 



6. Let a G ME(X) and £ and T be a— semi-stable torsion free sheaves on X . 
Then £®T := (£ <S> J-)/tor is again a— semi- stable. 

7. Hom(/\ 2 Ej,E/Ej) = for all j > 0. 
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Proof. The proof of the first four statements is essentially the same as in the 
classical case of polarised varieties, see e.g. [MP97,p.42]. The last two properties 
follow from property (4), and the fact (see also [SB 92]) that Hom(£,.F) = if 
H™ %n (£) > ii™ ax (T). Property (6) is more delicate, and proved in the appendix. For 
property (7), we proceed in the usual way (see [SB92]), using (6). Q.E.D. 

The first generalization of Theorem 1.2 is 

Theorem 1.4 Let X be a connected projective manifold, and a G ME(X) of the 
form 

with 7T : X' — > X a modification and Hj very ample on X'. If there exists a torsion 
free quotient sheaf 

such that c\(Q) ■ a < 0, then X is uniruled. 

In other words, if (Ct) is a covering family of curves which is the birational image 
of hyperplane sections with c\(Q) ■ C t < 0, then X is uniruled. 

Remark 1.5 1. The last assumption in Theorem 1.4 cannot be weakened to 
assuming that, for generic t G T, the bundle ^x\c t * s no ^ ne ^ (i- e - ^x\Ct has 
a quotient Q t such that deg(Qt) < 0). See [BDPP04], Theorem 7.7. 

2. The last assumption is however satisfied if, for generic t G T, ^x\c t * s n °t 
nef, provided C t is an ample curve obtained as intersection of (n — 1) generic 
members of a sufficiently high multiple of some polarisation H on X. This is 
a consequence of [MR82]. See [SB92]. 

Question 1.6 Let X be a projective manifold and 7r : X' —>■ X be a modification 
from another projective manifold X' . Is ir*(Q x ) generically nef if X is not uniruled? 

The problem is to show that the last assumption of ll.4l is satisfied, if Ct = 7r*(C£), 
where C[ is a sufficiently ample curve on X', as in the preceding remark (2). 

Proof, (of 11.41) The proof follows the line of argumentation in [SB92], using the 
notion of Harder-Narasimhan filtration for a G ME(X). Observe that we cannot 
use [MR82] in our context. To be more precise, assume that X is not uniruled. Then 
Kx ■ ct > by [BDPP04], see Theorem 1.8 below. Hence fl x is not a— semi-stable 
and so is its dual T x . We now define T C T x to be the largest piece Tj of the HN- 
filtration of T x with iiiTj+xjTj) > 0, noticing that Ci(jF) ■ a > 0. Let Q — T x jT. 
Then Proposition 1.3(7) applies and we conclude that T is Lie closed. 
As in [SB92] we now reduce to char p and want to prove that T is p— closed. So let 
F : X — > X denote the absolute Frobenius,; we need to prove that 

Rom{F*{F),g) =0. 
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Instead of restricting to curves as in [SB92] - which will not work in our situation - 
we first observe that [SB98,Prop.l] remains true with exactly the same proof in our 
situation. Then we use the arguments of the first few lines of [La04, 2.5], substituting 
[La04,2,4] by [SB98,Prop.l] to show that 

^ (FW) _^min (F * (iF)) 

is bounded independently of p : 

/C^W) - /C^W) < (rk(.F) - 1)H ■ a 

for some fixed sufficiently ample line bundle H. This implies the p— closedness of 
J 7 , analogously to [SB92,9. 1.3.5] 

Thus T is Lie closed and p— closed, and therefore F is a 1-foliation in the terminology 
of [SB92]. Hence one can form the quotient p : X — > Y = X/T, and obtain 
a V-covering family of curves C[ = f*(C t ) te T plus a line bundle Q' on Y with 
det Q = p*{G). Furthermore, we have 

C t ■ p*(-K Y ) = p(C t ■ Cl {F)) + (C' t ■ Cl (G)). 

Then we proceed almost verbatim as in [SB92] to produce rational curves through 
the general point of X with a bound on their degree (with respect to any polarisation 
on X) , which is independent of p. 

Q.E.D. 

We shall need the following generalization 

Theorem 1.7 Let X be a connected projective manifold, and a G ME(X) of the 
form 

a = 7r,(ifin...niz n _i) 

with 7r ; X f — > X a modification and Hj very ample on X' . If there exists a torsion 
free quotient sheaf 

(Q 1 x )® m -> Q -> 
such that Ci(Q) ■ a < 0, then X is uniruled. 

Proof. As in the proof of Theorem 1.4, (£T^) 0m is not a— semi-stable; let S m be the 
maximal destabilizing subsheaf. ^From our assumption 

/C ax ((^f m ) = p a (s m ) > M(^xf m ) > o. 

Hence by Theorem 5.1 of the appendix, is not a— semi-stable. Let Si C Q x x be 
the maximal destabilizing subsheaf with torsion free quotient Q\. By Corollary 5.4, 
we obtain 

pT^x) = > 0. 
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Hence 

ci(Qi) • a < 0, 
and X is uniruled by Theorem 1.4. 

Q.E.D. 

Now we can strengthen the preceeding result, using [BDPP04] (and answering a 
question asked in that paper). 

First recall that a line bundle L on a projective manifold is called pseudo-effective 
iff ci (L) is in the closure of the cone generated by the (numerical equivalence classes 
of the) effective divisors on X. 

We will need the following result from [BDPP04] which will also be crucial for 
Theorem 2.3. 

Theorem 1.8 Let X n be a projective manifold and L a line bundle on X. Then L 
is pseudo-effective if and only if the following holds. Let n : X — > X be a birational 
map from a projective manifold X . Let Hi, ... , H n -i be very ample line bundles on 
X. Then 

L ■ 7r*(#i n . . . n if n _i) > o. 

Together with theorem (1.7), this implies: 

Theorem 1.9 Let X be a projective manifold and suppose that X is not uniruled. 
Let Q be a torsion free quotient of (f2^)® m for some m > 0. Then det Q is pseudo- 
effective. 

Here we made use of the following 

Notation 1.10 Let T be a coherent sheaf of rank r on the connected manifold X . 
We define its determinant - a line bundle since X is smooth - to be 

r 

detf = (A-? 7 )**- 

Proof. In order to show the pseudo-effectivity of det<3, it suffices by (1.4) to verify 
the following. Let 7r : X — ■> X be birational from the projective manifold X. Let 
Hi, ... , H n _i be very ample on X (and general in their linear systems). Then 

det Q ■ 7r*(#i n . . . H H n _i) > 0. (*) 

So let us verify (*). Eventually after replacing Hi by large multiples and by setting 

C = H 1 n...nH n - 1 , 

Theorem 1.7 applies and tx*VL 1 x \C is nef. Hence n*(Q)\C is nef, therefore also 
(n*(Q)/ torsion) \C is nef, so that (det n*(Q))\C is nef. Denoting r the (generic) 
rank of Q, we have A r (^*(Q)) = ^*(A r Q), hence we obtain a canonical map 

/\7r*(Q)^7r*(detQ). 
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This yields an inclusion 

det7r*(Q) C 7r*(detQ). 
Hence 7r*(det Q) \C is nef, too, and (*) is verified. This finishes the proof. 

Q.E.D. 

Now a pseudo-effective line bundle is nef on moving curves; here "moving" means 
that the deformations of the curve cover the variety. Actually by [BDPP04] the 
closed cone generated by by numerical equivalence classes of movable curves coin- 
cides with the cone generated by classes of "strongly movable" curves. These are 
just the curves of the form n(C), where n : X — > X is a modification, and C C X is 
a generic intersection of very ample divisors rriiHi, 1 < i < n — 1 on X. So we can 
state: 

Corollary 1.11 Let X be a projective manifold and suppose that X is not uniruled. 
Let (Ct)teT be an algebraic family of curves, parametrised by the irreducible projective 
variety T. Assume this family is covering (i.e.: the union of the C t 's is X, and its 
generic member is irreducible). 

Let T be a torsion free quotient of (f^)® m for some m > 0. Then ci(T).C t > 0. 

Corollary 1.12 Let X be a projective manifold and L a topologically trivial line 
bundle on X . Let m be a positive integer and 

v e H°(Tx m <g> L) 
a section with zeroes in codimension 1. Then X is uniruled. 

More generally, suppose that T C Tf m is a coherent subsheaf of rank r such that 
detJF is pseudo-effective and that detJF — > f\ r (Tx r ) has zeroes in codimension 1. 
Then X is uniruled. 

Remark 1.13 A classical result in group actions on a projective manifold X 
says that if X carries a holomorphic vector field with zeroes, then X is uniruled. 
If Question 1.6 had a positive answer, then we would be able to generalize this 
result to arbitrary tensor powers of the tangent bundle, and we may also allow a 
twist with a topologically trivial line bundle. In other words, we would be able to 
generalize (1.12) by assuming there only the existence of some zero without saying 
anything on the dimension of the zero locus. 

In fact, choose p G X such that v(p) = 0. Let n : X — > X be the blow-up of X at p. 
Assume that X is not uniruled. Then, supposing that (1.6) has a positive answer, 
7i* (fix) is generically nef. Hence if C is the curve cut out by sufficiently general 
very ample divisors, then tx*(VL x )\C is nef. Thus i s ne f> where C = tt(C). 

Now C meets the exceptional divisor of it in a finite set, hence p e C. In total, 
{yL x )® m <8> L*\C is nef, but its dual has a section with zeroes. This is impossible. So 
X is uniruled. 
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2 A characterization of varieties of general type 



2.1 Refined Kodaira Dimension 

The following "refined Kodaira dimension" was introduced in [Ca95]. It measures 
the geometric positivity of the cotangent bundle, and not only that of the canonical 
bundle. (Its definition is justified in the next subsection). 

Definition 2.1 Let X be a compact (or projective ) manifold. Then k + (X) is the 
maximal number /t(detJF) ; where T C Q p x for 1 < p < dimX is a (saturated) 
coherent subsheaf. 

Obviously we have k + (X) > k(X) for any X. 

Assuming the standard conjectures of the Minimal Model Program, one can easily 
describe k + (X) as follows (see [Ca95] for details, where the following conjecture was 
formulated) : 

Conjecture 2.2 Let X be a projective manifold. If X is not uniruled (or if k(X) > 
0), then k+(X) = k(X). 

When X is uniruled, one has 

K + (X) = K + (R(X)), 

where R(X) is the so-called "rational quotient" of X; see [Ca95]. This rational 
quotient is not uniruled, and so should be either one point or have k, + (R(X)) = 
k(R(X)) > 0. Thus if X is uniruled, one has k(X) = — oo but k + (X) > 0, unless 
R(X) is one point, which means that X is rationally connected. In this latter case 
/t + (X) = — oo. Conversely, if k + (X) = — oo, then X should be rationally connected. 
Notice that x(O x ) = 1 if k+(X) = -oo, because h°(X, Q p x ) = for p > 0. In [Ca95] 
it is shown that X is simply connected if k + (X) = — oo which of course is also true 
for X rationally connected. 

The above conjecture is a geometric version of the stability of the cotangent bundle 
of X when X is not uniruled. It is a version in which positivity of subsheaves is 
measured by the Kodaira dimension of the determinant bundle, and not by the slope 
after restricting to "strongly movable curves" . 

2.2 A Characterisation of Varieties of General Type 

As a consequence of the preceeding criteria for uniruledness, we first solve the above 
conjecture in the extremal case when k + (X) = n (we shall study in the next section 
below the intermediate cases): 

Theorem 2.3 Let X n be a projective manifold and suppose k + (X) = n, i.e. some 
Q p x contains a subsheaf J 7 with «(det J 7 ) = n. Then k(X) = n. 
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Proof. First let us see that X is not uniruled. In fact, otherwise take a covering 
family of rational curves and select a general member C so that Tx\C is nef. Hence 
the dual of f^-|C * s ne f an d therefore T\C cannot have ample determinant. So X 
cannot be uniruled. 

Of course, we may assume that T saturated, hence Q = ^x/F is torsion free. By 
taking determinants we get 

mKx = det T + det Q 

for some positive integer m. We learn from (1.6) above that det Q is pseudo-effective. 
Thus Kx is big, as a sum of a big and a pseudo-effective divisor. 

Q.E.D. 

2.3 The intermediate case 

In this section we want to study the above conjecture 12.21 in the intermediate case 
n > K(X n ) > 0. 

We shall reduce Conjecture l2.2l to (special cases of) a seemingly considerably simpler: 

Conjecture 2.4 Let X be a projective manifold. Let NKx = A + B with some 
positive integer N > 0, A effective and B pseudo-effective. Then k(X) > k[A). 

Remark 2.5 (1) By suitably blowing up, it is easily seen that Conjecture 2.4 is 
equivalent to the analogous conjecture with A always assumed to be spanned. 

(2) If v[V) denotes the numerical dimension of an arbitrary pseudo-effective line bun- 
dle as introduced by Boucksom [Bo02], then the generalised abundance conjecture 
states 

k{K x ) = v{Kx). 

If this generalised abundance conjecture holds, then Conjecture 12.41 holds when 
k(X) = 0, a case sufficient to imply conjecture 12.21 (see below). In fact, if k(Kx) = 
and NKx = A + B with A spanned and B pseudo-effective, then u(A + B) = 0, 
hence u(A) = and therefore A = 0, A being spanned. 

We start with an immediate observation: 

Proposition 2.6 Conjecture \2.4\ implies Conjecture \2. 6 A when X is not uniruled 
(and so when k{X) > ). 

Proof. Let T be a saturated subsheaf of Q p x such that k(X, det(jF)) = n + (X) > 0, 
then Q = fi^/jF is torsion free. By taking determinants we get 

mKx = det T + det Q 

for some positive integer m. We know that det Q is pseudo-effective, because X is 
not uniruled. By Conjecture 12.41 we get the claim, since A := det(jF) is Q-effective. 

Q.E.D. 
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We now show that Conjecture 12.41 (in case k(X) > 0), and so I2.2[ is implied by the 
special case k(X) = of Conjecture 12.41 More precisely: 

Proposition 2.7 Let X n be a projective manifold with k(X) > 0. Let d = n — 
k(X) > 0. If Conjecture 2^4 holds for all manifolds G of dimension d and with 
k(G) = 0, then Conjecture \2.J\ (and so also Conjecture \2.2\) holds for X . 

Proof. By blowing up we may assume that the Iitaka fibration g : X — > W is 
holomorphic. Let G be a general fiber of g. Thus k(G) = 0. Let A be effective and 
B pseudo-effective on X such that 

NK X = A + B 

for some positive integer N. Then Aq is effective, Bq is pseudo-effective and 

NK G = A G + B G . 

Thus by Conjecture 12.41 applied to G, we conclude that k(G, A\ g < 0. By the easy 
additivity theorem for Kodaira dimension, we obtain that 

k(X, A) < dim(W) + k(G, A\ G ) < dim(W) = k(X). 

Q.E.D. 



The preceeding observation shows that the only two crucial cases of Conjecture [27 
are when k(X) is either 0, or — oo. 

We now give some cases in which Conjecture 12.41 can be solved, so that 12.71 can be 
applied. 

We first recall a notion from Mori theory. Let X be a projective manifold. A variety 
X' with at most terminal singularities is said to be a good minimal model for X, if 
X' is birational to X and some mKx> is (locally free and) spanned. Good minimal 
models are predicted to exist for every X with k(X) > but this known only in 
dimension up to 3. 

Proposition 2.8 Let G be a projective manifold with k(G) = 0. Suppose G has a 
good minimal model and that 

NK G = A + B 
with A effective and B pseudo-effective. Then k(A) = 0. 

Proof. Let G' be a good minimal model for G. Then K G i = and actually K G > 
is torsion. Choose a smooth model G with holomorphic maps tt : G — > G and 
A : G — > G'. There is an effective divisor E supported on the exceptional locus of 7r 
such that K G = 7r*(K G ) + E. Then we can write 

NK G = A + B 
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with A = 7T*{A) + NE effective and B = ir*(B) pseudo-effective. Now consider 
A' = A* (A) and B' = A* (B). Then A' is effective, B' is pseudo-effective and 



NKi 



A' + B'. 



It follows A' = B' = so that k(A) = 0. 



Q.E.D. 



Since good minimal models exist in dimension up to 3, Prop. 12.71 gives in particular: 

Theorem 2.9 Let X n be a projective manifold, k{X) > 0. Suppose k{X) > n — 3. 
Then k + {X) = k(X). 

For some other result towards (2.4) we state 

Proposition 2.10 Let X n be a projective manifold, NKx = A + B with A spanned 
and B pseudo-effective. Let f : X — > Y be the fibration determined by \A\. Let F be 
the general fiber of f. If B\F is big, then Kx is big, i.e. k(X) = n. 

Proof. This is proved in [CCP05]. Q.E.D. 

Corollary 2.11 Let X n be a projective manifold, NKx = A + B with A spanned 
and B pseudo- effective. If n(A)n — 1, then k(X) > n — 1. 

Proof. Let / : X —>■ Y be the fibration associated with A and let F denote the 
general fiber. Since dimF = 1, either Bp is ample or Bp = 0. 
In the first case we simply apply (2.10). In the second we notice NKp = Bp = so 
that F is elliptic and Bp = 0. Then we can write 



with L a line bundle on Y, with di integers, not necessarily positive, and with Di 
irreducible divisors with dim f(Di) < n — 2, but not pull-backs of divisors on Y. 
Intersecting with movable curves in Y, it is easy to see that L is pseudo-effective. 
Writing A = f*(A'), it follows that A' + L is big. Hence 



mB = f*(L) + Y,d i D l 



= n 



-1, 



where d[ 



are just the negative di. Then however 



k{X) 



= n 



- 1 



too. 



Q.E.D. 



13 



3 Numerical properties of the Kodaira dimension 



We solve here Conjecture 12.41 in the special case where B is numerically trivial. 

Theorem 3.1 Let X be a projective complex manifold, and L e Pic°(X) be numer- 
ically trivial. Then: 

1. K(X,mK x + L) < k(X). 

2. If k(X) = 0, and if K(X,mKx + L) = k(X), then L is a torsion element in 
the group Pic°(X). 

Remark 3.2 The conclusion of (2) above does no longer hold when k(X) > 1, as 
shown by curves (or even arbitrary manifolds) of general type. Another point not 
shown by our arguments is the behaviour of the modified plurigenera p+(X) := 
sup{h°(X, mKx + L),L = 0}, as m is large and divisible. One may expect that 
then p+(X) = p m (X), and that the maximum is attained at a torsion point, for 
every m > (this is true for m — 1, by the arguments below). 

Proof. We proceed in two steps: 

A. We prove the result in the special case where k(X) < 0. This will be done below 
in the two next propositions. 

B. We now reduce the general case where k(X) > to the special case k(X) = 0, 
as in 12.71 above. 

Observe first that the statements involved are preserved by birational transforma- 
tions of X. We can thus assume that both f,g are holomorphic, where g : X — > W 
is the Iitaka-Moishezon fibration of X defined by some \mKx\, and / : X — > Y is 
the Iitaka fibration defined by some \m(Kx + L)\. If G is a general fibre of G, then 
it is sufficient to show that f{G) is a single point of Y . But then f\ G is nothing, but 
the Iitaka fibration on G defined by (K x + L)\ G . Because k(G) = 0, we obtain the 
conclusion from the first step. 

Remark 3.3 We see moreover that, in order to have equality k(K x + L) = k(X), 
it is necessary that L\ G be torsion. This is Step B for the claim (2). 

To conclude the proof of the preceding theorem, we still need to solve the case 
k(X) < 0. This is the content of the next two propositions (in which additive and 
multiplicative notations for line bundles are mixed ). 
We first deal with the case m = 1. 

Proposition 3.4 Let X be a projective manifold, L e Pic°(A). Suppose that 
h°(Kx <E> L) > r for r = 1 or r = 2. Then 

1. There exists a finite Stale abelian cover X — > X such that h°(2K x ) > r. (In 
particular, n(X) > r — 1 > 0) 
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2. If k(X) = 0, and if h°(Kx <E> L) = 1, L is a torsion element in the group 
Pic°(X). 

Proof. Fix r = 1 or r = 2. Our aim is to prove that there is a finite etale cover 
X — > X such that 

h°{K x ®L*) > r, 

Then the canonical morphism 

H°(K X <g> L) <g> H°(K X <g> V) -> H°(2K X ) 

will give the first claim h°(2K x ) > r. 
Let 

S = {Ge Pic°(X) | <g> G) > r}. 

If 5 1 = Pic°(X), then we are clearly done. Otherwise Simpson [Si93] gives the 
structure of S : 

S = \J{A + Ti} 
with At torsion elements and Tj subtori of Pic°(X). Let 

S* = {G* \ Ge S}. 

Then S* = \J{—Ai + Tj}. Hence we can write L* = —Ai + L with some L e T. 
Consequently Z = L — Aj with L e S, so that in total 

L — A{ — Aj ~\~ L. 

Now choose a finite etale cover / : X — > X such that + Aj) = (9. Then we 

conclude 

/i°(i^®/*(L*))>r 
and we are done for assertion 1. 

(Notice that if L is unitary flat, then by Hodge theory it is obvious that h°(K x ®L) = 
h°(K x ®L*), without using [Si93]). 

Let us now prove statement (2). Replacing X by X as above, we can write: L* = L, 
with L G Ti C S. If Ti is not trivial, we get a one-parameter subgroup L t ,t G C 
contained in T, C S. The canonical morphisms 

H°(K X ® L t ) ® H°(K X ® L*) -> H°(2K X ) 

show that h°(2K x ) > 2, contradicting our assumption that k(X) = 0. 

Q.E.D. 

We shall now reduce the general case of m > 2 to the special case m — 1, by 
means of cyclic covers. 
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Theorem 3.5 Let X be a projective manifold and L a line bundle with c±(L) = 
in H 2 (X, z). 

1. Suppose that there is a positive integer m such that h (mK x <8> L) > 2. Then 
k(X) > 1. 

2. Suppose that there is a positive integer m such that h°(mK x <E> L) ^ 0. Then 
k(X) > 0. 

3. Suppose that k(X) = 0, and that h (mK x <S> L) ^ 0. Then L is torsion in 
Pic°(X). 

Proof. We only prove (1), the proof of (2) being identical, simply omitting the 
divisor D in the arguments below. Since our claim is invariant by finite etale covers, 
we can pass to such covers as we like. In particular, we may assume that L G 
Pic°(X). If m — 1, then our claim is Proposition 4.1, hence we shall assume m > 2. 
Furthermore we may assume that L = mL', so that 

h°(m(K x ® L')) > 2. 

Let hBi be the fixed part of \m(K x <S> L')\, so that we can write 

m{K x ®L') = J2hB z + D 

with D reduced and movable. By possibly blowing up we may assume that the 
support of J^biBi + D has normal crossings. Now take the m— th root, normalize 
and desingularize to obtain / : Y — > X. We have to compute f*(K Y ), following 
[Es82,Vi83]. In fact, in 
troduce the line bundles 

H j =j(K x ®L')-'£\jb i m- 1 ]B i . 

Here [x] denotes the integral part of x. Then 

m— 1 

f.(K Y )=K x ®QH j . 

j=0 

Hence the direct summand of f*(K Y ) <8> L' corresponding to j = m — 1 is just 

D + J2(^-Mm-l)m- 1 ])B t . 

i 

Since D moves, we obtain 

h°(f*(K Y ) ® L') > 2, 

hence 

h°(K Y ®f*(L')) >2 
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so that k(Y) > 1. We still need to prove k(X) > 1. In to order to do that we must 
look more carefully at / : Y — > X. This map decomposes as follows. First we take 
the cyclic covering ho : Y — > X determined by m(Kx <8> L') = Ox{D). Then we 
have the normalisation hi : Y"i — > Y , and finally h 2 : V — > Yi is a desingularisation. 
Then Y is Gorenstein and 

ify = /i*(mK x ®(m-l)L'); 

furthermore 

K Yl C ^(KyJ 

via the trace map (hi)*(K Yl ) — > X <g> fTy (with X the conductor ideal) and finally 

(h 2 \{K Y ) = K Yl (+) 
since Yi has rational singularities [Es82,Vi83]. In total 

K Y C /*(m^x <g> (m - 1)L')) + £ 
where i?j are the exceptional components for h 2 and are integers and we have 

(/i 2 )*(e>yQ>^)) = 

by (+). Thus 

K Y ® - m)L') C fK x ) + E fli^i 
We claim that there is a finite etale cover g : Y — > Y such that 

^°(X y ® <?7*((1 - m)L')) = ^V(*V) ® <77*((1 " ™)£')) > 2- (*) 

This will prove K(g*(f*(K x ) + E^)) > x > hence «P0 > L 
Now (*) is an easy application of Simpson's theorem, this time on Y. In fact, we 
introduce S Y , the analogue of S on X. Then S Y = \Jj{Bj + Xj} with Bj torsion and 
T- tori. We already know that f*(L) G S Y so that 

f*(L) = B + M 

with M G Tj, and 5 = ^ for some j. Then M' = (1 — m)f*(L) G Tj and we find a 
finite etale cover g : Y — > Y such that <7*((1 — m)f*(L)) = g*(M') ) i.e. we choose g 
such that = O. Now 

/i°(K y + 5 + M 1 ) > 2 
since M' G Tj. Hence + g*(M')) > 2 which gives (*). 

As already said, the proof of (2) is essentially the same, omitting the movable part. 

The proof of assertion (3) is the same as that of assertion (2) of the preceeding 
Proposition 3.4. 

Q.E.D. 
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Remark 3.6 The preceeding result makes plausible the expectation that the gen- 
eralised Green-Lazarsfeld sets 

S m ,p,r = {Le Pic°(X) | h p (mK x ® L) > r} 

might have the same structure as in [Si93] (finite union of translates of subtori by 
torsion elements). 

In fact, up to the word " torsion" above, this is a consequence of the Abundance 
Conjecture, as C. Mourougane observed. Indeed he showed in [Mo99], thm. 5.3, that 
the Green-Lazarsfeld cohomological loci have this structure for "good" divisors. 

Corollary 3.7 Let X be a projective manifold, A effective and B pseudo-effective 
divisors on X . Assume that mKx = A + B for some positive integer m. Suppose 
also that v{B) = 0, in the sense of [Bo02]. Then k(X) > 0. 

Proof. By [Bo02], we can write B = Y^biBi with positive rational numbers hi. Now 
apply (3.1). 

Q.E.D. 

4 The Universal Cover 

Another invariant of X is defined via the universal cover X of a compact Kahler 
or projective manifold X. By identifying points in X which can be joined by a 
compact connected analytic set, one obtains an almost holomorphic meromorphic 
map X — ^ T(X). Here "almost holomorphic" is to say that the degeneracy locus does 
not project onto the image. If X is holomorphically convex (which is expected to be 
always true by the so-called Shafarevitch conjecture), then this map is holomorphic 
and is just the usual Remmert holomorphic reduction. In any case it induces the 
so-called Shafarevich map 7 X : X -± Y{X) = r(A > )/7r 1 (A > ). 

Definition 4.1 ^yd(X) = dimT(X) is the T— dimension of X. 

Notice that r yd{X) = iff iri(X) is finite and that r yd(X) = dimX iff through 
the general point of X there is no positive dimensional compact subvariety, i.e. X 
geometrically seems as a modification of a Stein space. 

The following result [Ca95,(4.1)] gives a relation between k + (X) and r )d(X). 

Theorem 4.2 Let X be a compact Kahler manifold. Ifx(X, Ox) ^ 0, then either 

1. k + (X) > -fd(X), or 

2. k + (X) = —oo, and so X is simply connected. 
By (2.9) we then obtain 

Corollary 4.3 Let X n be a projective manifold. Suppose that k(X) > n — 3 and 
x (Ox) ^ 0. Then k(X) = k+(X) > ~fd{X). 
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In particular, if n — 4, k(X) > 1, 7ri(X) is infinite and x(C^x) 7^ 0, then k(X) > 
'yd(X) > 1. In other words, if X is a projective 4- fold with k(X) = and iri(X) 
is not finite, then either x(@x) — 0; so there is either a holomorphic 1-form, or a 
holomorphic 3-form, or: k + (X) G {1,2,3}. 
Hence as in [Ca95, 5.9], we conclude: 

Corollary 4.4 Let X be a projective manifold of dimension 4 such that k(X) = 
0, and x(Ox) 7^ 0. Then either tti(X) is finite and has at most 8 elements, or 
k + (X)e {1,2,3}. 

This result should hold in arbitrary dimension n, with 8 replaced by 2 n_1 , as a conse- 
quence of the standard conjecture that ^i(X) should be almost abelian if k(X) = 0. 
From Theorem 2.3 we deduce 

Corollary 4.5 Let X be a normal projective variety with at most rational singular- 
ities and suppose that its universal cover is not covered by its positive-dimensional 
compact subvarieties. Then X is of general type if x(Ox) 7^ 0. 

Proof. If X is smooth, then by our assumption and (4.2), we have k + (X) = dimX 
or x(Ox) = 0. Now theorem (2.3) gives the claim. 

So it remains to reduce the general case to the smooth. Note that X is irreducible 
since X is normal. Consider a projective desingularisation n : Y — > X and let 
7r : Y — > X be the induced maps on the level of universal covers. Then tt is 
onto with discrete fibers over the smooth locus of X. Hence Y is not covered by 
positive-dimensional compact subvarieties, too, because their n— images would again 
be compact. By the solution of the smooth case, we either have x{X, Oy) — - 
hence x(®x) = by the rationality of the singularities of X - or Y, hence X, is of 
general type. Q.E.D. 

Corollary 4.6 Let X n be a projective manifold or a normal projective variety with 
at most terminal singularities whose universal cover is Stein (or has no positive- 
dimensional subvariety). Then either Kx is ample or x(@x) = 0, Kx is nef and 
K x = 0. 

Proof. This is immediate from (4.5) by observing that X does not have any rational 
curve, so that K x must be nef by Mori theory. Moreover if K x is big, then K x is 
ample by Kawamata [Ka92]. 

Q.E.D. 

We are lead to ask for the structure of projective manifolds X n whose universal cover 
is Stein and with K x = 0. 

Conjecture 4.7 Let X n be a projective manifold whose universal cover X is Stein. 
Assume K\ = 0. Then up to finite Stale cover of X, the manifold X has a torus 
submersion over a projective manifold Y with K Y ample and universal cover again 
Stein. 
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If the universal cover is only assumed not to admit a positive- dimensional subvariety 
through the general point, then one expects a birational version of 14.71 which is ac- 
tually proved in [Ko93,5.8]. Here is the "Stein version" of this result which does not 
follow immediately from Kollar's result since we make a biholomorphic statement. 
The main point is to explain that we must have a holomorphic Iitaka fibration which 
is "almost smooth" and then apply Kollar's techniques to make it smooth. 

Proposition 4.8 Conjecture \4-7\ holds if k(X) > n — 3. 

Proof. (1) Since the case k(X) = n — 1 is the simplest, we do it first. Here the 
numerical dimension v{X) = k(X), so that Kx is good, i.e. some multiple is spanned 
[Ka85b]. Therefore we have a holomorphic Iitaka fibration / : X — > Y. The general 
fiber is an elliptic curve. Since X does not contain rational curves, it follows easily 
that all fibers are elliptic, sometimes multiple. Now [Ko93,sect.6] yields a finite etale 
cover such that the induced map is smooth; see below for some details. 
(2) In the other case we consider the normalized graph p : C — ■> X of the family 
determined by the general fibers of the meromorphic Iitaka fibration. Let q : C — > T 
denote the parameter space. All irreducible fibers of q have dimension 2 (resp. 3) 
and every such fiber is an etale quotient of a torus by Lemma 4.9 below. Now we 
have a formula (via the trace map) 

K c =p*(K x ) + E 

with an effective (Weil) divisor E. Restricting to a general (normal, hence smooth 
by (4.8) below) fiber F of q, we get 

=p*(K x )\F + E\F. 

Hence p*(Kx)\F = = E\F. Now consider the reduction F of a component of 
a singular fiber (or rather its normalization) and use the conservation law (and 
the nefness of p*(Kx)) to deduce p*(Kx)\F = 0. Thus p*(Kx) is "g— numerically 
trivial". This proves immediately v(X) = n — 2 (resp. u(X) = n — 3) and again 
inKx is spanned for a suitable m. 

Now let again F be the reduction of a component of a singular fiber F, this time 
of the Iitaka fibration / : X — > Y. 

We claim that actually FciFq and that / is equidimensional. 

If dimT = 2, this is easy and well-known of course (take a general curve through 
f{F ) and observe that singular non- multiple fibers produce rational curves). 
So suppose dimT = 1. Take \i maximal such that fiF C F. Then has a section 
which has a zero, since F is reducible. Hence Kp = —D with D a Q-effective divisor 
by the adjunction formula. Now normalize and then desingularize. The result Fq 
has k(Fq)) = —oo (use formula (*) below), so that Fq is uniruled. Since this is 
forbidden by the universal cover, we obtain F = aF . 
Then Kp = 0, so that its normalization F has 

K h = v*{K Fo )-N (*) 
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with N the preimage of the non-normal locus. Since Kp, = by (2.9), we conclude 
that Fq must have been normal, hence smooth. 

Now we apply [Ko93,5.8] to obtain a finite etale cover X' of X which is birational 
to a torus submersion. But since X' does not contain rational curves, we obtain 
a holomorphic birational map from a torus submersion to X' . Since multiple fibers 
cannot be resolved by birational transformations on the base, we conclude that X' 
is a torus submersion itself. Q.E.D. 

It remains to prove the following lemma of independent interest. 

Lemma 4.9 Let X be an irreducible reduced variety of dimension at most 3. As- 
sume that the universal cover of X is Stein ( or does not contain compact subvari- 
eties). Let X — > X be the normalization and n : X — * X be a desingularization. 
Suppose k(X) = 0. Then X is an etale quotient of a torus. 

Proof. We only treat the case dimX = 3, the surface case being easier and left to the 
reader. By [NS95], X admits a finite etale cover h : X' — > X which is birational to a 
product of a simply connected manifold and an abelian variety. By our assumption 
on the universal cover, the simply connected part does not appear. It follows that 
the Albanese map a : X' — > A is birational. Now all irreducible components of all 
non-trivial fibers a are filled up by rational curves (a factors via Mori contractions). 
Since X does not contain rational curves, the map X' — > X — > X therefore factors 
over a, i.e. we obtain a finite map g : A — > X. 

This map is etale in codimension 1. In fact otherwise by the ramification formula 
Ka = g*(K x ) + R (as Weil divisors). Thus — K x is non-zero effective and therefore 
k(X) = — oo, contradiction. 

We want to see that X is actually smooth and an etale quotient of A. First notice 
that X is Q— Gorenstein (if g has degree d, then dK x = O on the regular part of 
X, hence everywhere). Now we can compare the formulas 

K x > = h'TT*(Kx) + 'E i a i E i 

and 

Kx> = E b i F i 

where Ei are the preimages of the 7r— exceptional components and Fj are the 
a— exceptional components; notice bj > 0. Then both sets of exceptional divisors 
are equal, and thus all a { > 0. Therefore X has only terminal singularities. We also 
notice that tti(X) is almost abelian, i.e. abelian up to finite index. Therefore tti(X) 
is abelian after finite etale cover. Then [Ka85] applies and X is an etale quotient of 
an abelian threefold. Here of course we use again that the universal cover of X is 
Stein. Q.E.D. 

5 Stability and tensor products 

Recall that ME(X) denotes the movable cone of the n— dimensional projective man- 
ifold X. We say that a G ME(X) is geometric, if there exists a modification 
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7r : X — > X from the projective manifold X and ample line bundles Hi such that 

a = Xn^Hi n . . . n if n _i) 

with a positive multiple A. By definition, ME(X) is the closed cone generated by 
the geometric classes. 

If £ and T are torsion free sheaves, then we put £®T = (£<S> J 7 ) /tor. The first main 
result is well-known in case of an ample polarization. 

Theorem 5.1 Let a E ME(X) and £ and T be a— semi-stable torsion free sheaves 
on X . Then £®F is again a— semi-stable. 

First we treat a special case, which however is the crucial part of (5.1). 

Proposition 5.2 Assume in the setup of (5.1) that a is geometric and £ and T 
are locally free. Then £ ® T is a— semi-stable. 

Proof. The proof is by adaption of the methods presented in [HL97] in the case 
that a = H n ~ l with H ample. 

(1) The first step consists of the generalization of the Grauert-Mulich theorem 3.1.2 
in [HL97] to the present situation. The conclusion in our case is the same as if 
7T*(£) were (H 1 , . . . , if n _i)— semi-stable. The proof is the same, but working with 
the complete intersection family Z s cut by the very ample divisors Hi and their 
images Z s C X. The Zariski open subset X of [HL 97] must be chosen such that 
Xq contains some Z s . 

(2) The next step carries over (3.1.6) of [HL97] to our situation. This is done 
verbatim, working on X. Here it is important to observe that 

Vc(£) = ^(Hi,...,H„-i)(T*(^)), 

since £ is locally free. This would not work in case £ is only torsion free (or even 
reflexive), since we cannot arrange £ to be locally free near the general C. 

(3) In the third step we generalize (3.2.8), Step 1, from [HL97]. This again works 
in the same way using the following easy fact. Suppose Q is a torsion free sheaf on 
X of rank r. We define det Q = A r (Q)**. If det(Q|C) is ample, then (detQ)|C is 
ample. 

(4) The final step is the covering trick in Step 2 of (3.2.8). Here we choose di ^> 
and a branched covering 

f-X'^X 

such that f*(Hj) = tif. Let 

be the Stein factorization of 7r o /. Let C be the general curve cut out by the Hi 
(supposed to be very ample) and, as always, C = ir(C) so that a = [C\. The 
corresponding curves on X' and X' are denoted by C' and C . Then as in [HL97] 
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we conclude that f*(£ <g> T) is C— semi-stable, hence f*(C) — semi-stable. Here we 
use the facts 

<Cnc) = n'(r\c)) = r\c) = nc) 

and that f*(C) is a rational multiple of C. Now the semi-stability of f*(£®J-') w.r.t 
f*(C) implies the C— semi-stability of £®F (use the arguments of [HL97], (3.2.2)). 

Q.E.D. 

In order to deduce (5.1) from (5.2) we use the following lemma. 

Lemma 5.3 Let a : X — > X be a modification from the projective manifold X . Let 
a E ~ME(X) and a = a* (a). Then 

1. &e JlE(X) 

2. If S is a torsion free sheaf on X and S = <7*(<S)/tor, then /i a (S) = //&(«£). 

3. If S is torsion free on X and S = <7*(<S), then fJ, a (S) = (<S). 

4- A torsion free sheaf £ on X is a— semi-stable if and only if a*(£)/tor is 
a— semi-stable. 

Proof. (1) We need to prove that D ■ a > for all pseudo-effective divisors D on 
X. Now D = cr*(D) is again pseudo-effective. Hence 

D ■ a>0 = D ■ a>0 

proving (1). 

(2) and (3) are simple calculations and (4) follows from (2) and (3). Q.E.D. 

Proof, of Theorem 5.1. We proceed by induction on rk(£) + rk(jF). By Lemma 
5.3 we may assume £ and JF locally free. If a is geometric, then Proposition 5.2 
gives our claim. So assume that a is not geometric. Then we find a sequence 
(«fc) of geometric classes converging to a (in iV^X) or in H 2 (X)); we can arrange 
a t = a + t(ui A ... A uo 71 ^ 1 with Kahler classes u^. 

Suppose first that £ and T are a— stable, not just semi-stable. By Lemma 5.5 the 
bundles £ and T are a^— semi-stable for sufficiently large k,. Then by (5.2) £ ® JF 
is afc— semi-stable for large k. Thus £ <8> T is a— semi-stable. 

If £ and T are a— semi-stable but not both stable, we consider the saturated maximal 
destabilizing subsheaves S C £ and T C T with torsion free quotients S' and T 
(possibly S = £ or T = J 7 ). By induction hypothesis S <8> T and S' ® T are 
semi-stable. Since 

II a (S) = Ha{S') = Ha{£) (1) 

and 

/i a (T) = n a (T) = n a {T) (2) 
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it follows easily that £ (g> T is a— semi-stable. Namely, tensor the exact sequence 

by S and S' to deduce the semi-stability of S&J-' and S'&J 7 and then tensor the 
the exact sequence 

by T to deduce the semi-stability of £®T . Here of course we need (1) and (2). 

Q.E.D. 

Corollary 5.4 Let a be a movable class on the projective manifold X and £ and T 
torsion free sheaves on X. Then ^™ ax {£ ^J 7 ) = /i™ ax (£) + //^ ax (^ r ). 

Proof. Let S C £ and T C be the maximal destabilizing sheaves. Since <S<8>T is 
a— semi-stable by Theorem 5.1, we obtain 

Since //™ ax (£) = fi a (S), and analogously for JF and T, we conclude for one inequality. 
To establish the other, we must show that S®T is maximal destablisizing for £®F. 
This is an easy exercise using the exact sequences already used in the proof of (5.1) 
and the HN-filtration. 

Q.E.D. 

Lemma 5.5 Let X be a projective manifold of dimension n and £ a reflexive sheaf 
over X . Let a G ME(X). Choose Kahler classes Ui and set 

a t = a + t(ui A ... A uj n ^ v ) 

for t G M + . Assume that £ is a— stable. Then there exists a sequence (tj) converging 
to such that £ is a tj — semi- stable. 

Proof. We assume to the contrary that £ is a t — unstable for < t < t . 

(1) Let first (sj) be a sequence in (0, to] converging to s > such that some fixed 
saturated subsheaf S C £ is maximal destabilizing for all a Si . Let <5>o be the maximal 
a So — destabilizing subsheaf. Then either S = Sq or S C So with rkS < rkSo- 
In fact, in the obvious notation we have 

for all Si. Using the assumption that S is a so — maximal destabilizing, we obtain in 
the limit 

Therefore S C S . Suppose that both (reflexive) sheaves have the same rank, but 
are not equal. Then det So = det S + D with D effective non-zero, which clearly 
contradicts the last equality, since a so is inside the interior of the movable cone. 
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(2) From (1) we deduce that after possibly shrinking to, the set of positive real 
numbers t < t for which a given subsheaf £ C £ is a t — maximal destabilizing, is 
closed. 

(3) Now let S t be the maximal destabilizing subsheaf for a t . We will be finished if 
we can prove that S t is independent of t at least for small positive t. We start with 
S = S to and choose, using (2), t\ minimal such that S is still maximal destabilizing 
for a tl . Consider t < t\ near to t\ and consider the induced map 

4>o,t .So—>£/S t . 

Our aim is to show that 

<f>o,t = (*) 

for t sufficiently to t±. Given (*), we conclude that So C S t and as in (1), S t will have 
larger rank. Proceeding then with some t < t\ near to t±, this jumping behaviour 
can happen only finitely many times, so that after finitely many steps, we are able 
to conclude that S t is independent of t. 
It remains to prove (*). First observe that since 

// tl (<S ) > fh^S), 

the same will be true for t near to t±. Since fit(<St) > Ht{£) by assumption, we obtain 

Ht{S ) > fi t {£/S t ). (**) 

(3a) If S is a tl -stable, then by induction on the rank we may assume that S is 
a r stable for t near ti, hence from (**), the vanishing (*) follows. 
(3b) So suppose that So is a tl —semi-stable but not stable. Let S' C So be the 
maximal a tl — destabilizing subsheaf. Then So/S' is again a tl —semi-stable. The 
restricted map 4>o,t\S'o vanishes by the same arguments as in (3a). Thus we obtain 
a map 

Now we go back to the beginning of (3b) substituting So by Sq/Sq and £ by £/S t . 
in other words, we proceed inductively and conclude that (f)' ot — 0, hence (*) holds. 

Q.E.D. 
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6 Appendix: an alternative proof of theorem 5.1. 



We give here an alternative proof of Theorem 5.1.. This proof needs no adaptation of 
the Grauert-Miillich Theorem. The main ingredient will be the Kobayashi-Hitchin 
correspondence for non-Kahler polarizations which was established by J.Li and S.-T. 
Yau. 

We shall use the notations and the definitions of the main paper. In particular 
X will be a complex projective manifold of dimension n > 2. Following [DPS96J we 
shall denote by N amp the interior of the closed cone ME(X) generated by movable 
curves, see also [BDPP04J. It is easy to check using [BDPP04J that geometric classes 
of curves belong to N amp . 

The following proposition replaces Proposition 5.2. 

Proposition 6.1 Let a be a class in N amp and £ and T two a-polystable locally 
free sheaves. Then £ <g> T is again a-polystable. 

Proof. We start by a Hahn-Banach argument and show the existence of a smooth 
positive definite form u of bidegree (n — l,n — 1) with ddu = and such that the 
slope of a holomorphic vector bundle with respect to a is computed by 

fa(E,h)Au 

M^J = — > 

rank-fc 

where c\(E, h) is the first Chern form of E computed with respect to some hermitian 
metric h in the fibers of E, cf. |DPS96] Theorem 4.1. 

Let indeed T> X \ be the cone of positive currents inside the space V[ x of currents 
of bidegree (1, 1). For any choice of a positive definite smooth (1, l)-form r\ the set 
T>t = {T G Vf tl | J X T A rf 1 ^ 1 = 1} is compact for the weak topology on T>' 11 , 
see [Dj III. 1.23. The vector subspace V = {T EV' ll \ dT = 0, [T]a = 0} is closed 
and disjoint from ^ by [BDPP04] . (Notice that a belongs also to the interior 

of the cone of movable classes M. C H^~ 1,n ~ 1 (X) .) Thus there exists a continuous 
linear functional which is positive on ^ and vanishes on V. This is given by 

a smooth positive definite form u of bidegree (n — 1, n — 1) which is also <9<9-closed 
since ddV C V. Moreover a renormalization of u by a positive factor makes a 
and u to be equal as linear functionals on H 1,X {X) K since they have the same kernel 
and are both positive on Kahler classes. 

Next we obtain a (n — l)-st root uj of u in the following way. First notice that 

(1) {i £ a^Ad^Hn-l)!/"" 1 ' 2 E (-l) i+ ^d^Ad^, 

where denotes the cofactor of in the matrix A = (ajj)i<ij< n , dzi = dzi A ... A 
d^_i A dz i+ i A ... A dz n and dzj = dzi A ... A d^_i A dzj + i A ... A dz n . The relation 
l CA = det(v4)/ n for the cofactor matrix C = {cij)i<i,j<n implies 



A= "-^det(C) 1 tr 1 
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in case A is positive definite. Moreover, given a positive definite matrix C, one 
obtains a unique positive definite solution A of the equation (1). 

Then uj is the (1, l)-form associated to a Gauduchon metric on X and 



/ Ci(E, h) A (J 
ranki? 



,n-l 



for E and /i as before. By |LY87j the Kobayashi-Hitchin correspondence holds in 
this case, thus the polystability of a holomorphic vector bundle E with respect to 
uj is equivalent to the existence of a Hermite-Einstein metric with respect to the 
polarization u again. But the tensor product of Hermite-Einstein vector bundles is 
also Hermite-Einstein and the Proposition is proved. 
We can now prove: 

Theorem 6.2 Let a G ME(X) and£ and J 7 two a- semi- stable torsion free sheaves. 
Then £®j xr is a- semi- stable. 

Proof. The proof follows basically the strategy of the main paper and uses the 
above proposition instead of Proposition 5.2. 

We will make induction on rank£ + rank J 7 . 

By Lemma 5.3 we may assume that £ and T are locally free. 

We may also assume that £ and T are a-stable: if £ is a-semi-stable but not 
a-stable there is some coherent subsheaf of lower rank S\ C £ with torsion free 
quotient such that (i a (8i) = /U Q (£) = Ha(£ By the induction hypothesis we get 
E\ ® T and {£ /£\) <8> T = {£ ® J 7 )/ (Si ® J 7 ) a-semi-stable of the same slope hence 
also £ ® T will be a-semi-stable. 

By Lemma 5.5 we may approximate the class a by a sequence (ak)km of classes 
in N amp such that both £ and T are a^-semi-stable for all k 6 N. Our proposition 
combined with a use of the induction hypothesis as above implies that £ (8) T is 
ct/c-semi-stable for all fceN. Thus £ <g> T will be a-semi-stable as well. 



27 



References 



[BDPP04] Boucksom,S.;Demailly,J.P.;Paun,M.;Peternell,Th.: The pseudo-effective 
cone of a compact Kahler manifold and varieties of negative Kodaira di- 
mension. Preprint 2004 

[Bo02] Boucksom,S.: Cones positifs des varietes complexes compactes. Thesis, 
Grenoble 2002 

[Ca95] Campana,F.: Fundamental group and positivity properties of cotangent 
bundles of compact Kahler manifolds. J. Alg. Geom. 4, 487-502 (1995) 

[CCP05] Campana,F.; Chen, J.; Peternell,Th.: Strictly nef divisors. 
|math.AG/0511042 

[CQ04] Campana,F.;Zhang,Q.: Compact Kahler threefolds of tti— general type. Re- 
cent progress in arithmetic and algebraic geometry, 1-12, Contemp. Math., 
386, Amer. Math. Soc, Providence, RI (2005) 

[D] Demailly J. P.: Complex analytic and algebraic geometry, 
|http: / /www-fourier.ujf-grenoble.fr/ ^demailly /books.html| 

[DPS96] Demailly J. -P., Peternell Th., Schneider M.: Holomorphic line 
bundles with partially vanishing cohomology, Conf. in honor of F. Hirze- 
bruch, Israel Mathematical Conference Proceedings Vol. 9 (1996) 165-198 

[Es82] Esnault,H.: Fibre de Milnor d'un cone sur une courbe plane singuliere. 
Inv. math. 68, 477-496 (1982) 

[HL97] Huybrechts,D.; Lehn, M.: The geometry of the moduli sapces of sheaves. 
Vieweg 1997 

[Ka85] Kawamata,Y.: Minimal models and the Kodaira dimension of algebraic 
fiber spaces. J. f. r. u. a. Math. 363, 1-46 (1985) 

[Ka85b] Kawamata,Y.: Pluricanonical systems on minimal algebraic varieties. Inv. 
math. 79, 567-588 (1985) 

[Ka92] Kawamata,Y.: Moderate degenerations of algebraic surfaces. Lecture Notes 
in Math. 1507, 113-133. Springer 1992 

[Ko93] Kollar,J.: Shafarevich maps and plurigenera of algebraic varieties. 
Inv.math. 113, 177-215 (1993) 

[La04] Langer,A.: Semistable sheaves in positive characteristic. Ann. Math. 159, 
251-276 (2004) 



28 



[LY87] Li J., Yau S.-T. Hermitian- Yang-Mills connection on non-Kahler mani- 
folds, Mathematical aspects of string theory (San Diego, Calif., 1986), 560- 
573, Adv. Ser. Math. Phys., 1, World Sci. Publishing, Singapore, 1987 

[Mo99] Mourougane,C: Theoremes d'annulation generique pour les fibres vecto- 
riels semi-negatifs. Bull. Soc. Math. France 127, 115-133 (1999) 

[Mi87] Miyaoka,Y.: Deformations of a morphism along a foliation. Proc. Symp. 
Pure Math. vol. 46, 245-268 (1987) 

[MM86] Miyaoka,Y; Mori,S.: A numerical criterion for uniruledness. Ann. Math. 
(2) 124, 65-69 (1986). 

[MP97] MiyaokaY.; Peternell,T.: Geometry of higher dimensional varieties. DMV 
seminar, vol. 26. Birkhauser 1997 

[MR82] Mehta,V.B.; Ramanathan,A.: Semistable sheaves on projective varieties 
and their restriction to curves. Math. Ann. 258, 213-224 (1982) 

[NS95] Namikawa,Y.; Steenbrinck,J.H.M.: Global smoothings of Calabi-Yau 3- 
folds. Inv. math. 122, 403-419 (1995) 

[SB92] Shepherd-Barron,N.: Miyaoka's theorem on the seminegativity of Tx- In: 
Flips an abundance for algebraic threefolds; ed. J. Kollar; Asterisque 211, 
103-114 (1992) 

[SB98] Shepherd-Barron,N.: Semi-stability and reduction mod p. Topology 37, 
659-664 (1998) 

[Si93] Simpson, C: Subspaces of Moduli Spaces of Rank One Local Systems. 
Ann.Sc. ENS. 26, 361-401 (1993). 

[Vi83] Viehweg,E.: Weak positivity and the additivity of the Kodaira dimension 
for certain fiber spaces. Ad. Stud. Pure Math. 1, 329-353 (1983) 



Frederic Campana 

Departement de Mathematiques 

Universite de Nancy 

F-54506 Vandoeuvre-les-Nancy, France 

frederic.campana@iecn.u-nancy.fr 



Thomas Peternell 
Mathematisches Institut 
Universitat Bayreuth 
D-95440 Bayreuth, Germany 
thomas.peternell@uni-bayreuth.de 



29 



